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HEINZ-KATO INEQUALITY IN BANACH SPACES
NIKOLAOS ROIDOS
Abstract. We show a Heinz-Kato inequality in Banach spaces for sectorial operators having
bounded imaginary powers.
The Heinz-Kato inequality, see [5] and [7], is formulated as follows:
Theorem 1 (Heinz-Kato). Let H1, H2 be Hilbert spaces and A, B be positive selfadjoint operators
in H1, H2 respectively. Let T be a bounded linear operator from H1 to H2 such that T (D(A)) ⊆
D(B) and
‖BTu‖H2 ≤M‖Au‖H1, u ∈ D(A),
for certain M ≥ 0. Then, for each a ∈ (0, 1) we have that T (D(Aa)) ⊆ D(Ba) and
‖BaTu‖H2 ≤Ma‖T ‖1−aL(H1,H2)‖A
au‖H1 , u ∈ D(Aa).
The above theorem was extended in [6] to maximal accretive operators in Hilbert spaces. More-
over, in [13, Theorem 2.31] it was extended to invertible sectorial operators in a Hilbert space that
have bounded imaginary powers.
Let X be a complex Banach space. A closed densely defined linear operators A in X is called
invertible sectorial if
[0,+∞) ⊂ ρ(−A) and (1 + s)‖(A+ s)−1‖L(X) ≤ K, s ∈ [0,+∞),
for certain K ≥ 1. In this situation a perturbation argument, see, e.g., [1, (III.4.6.2)-(III.4.6.3)],
implies that
ΩK =
{
λ ∈ C | | arg(λ)| ≤ arcsin
( 1
2K
)}
∪
{
λ ∈ C | |λ| ≤ 1
2K
}
⊂ ρ(−A)
and
(1 + |λ|)‖(A+ λ)−1‖L(E) ≤ 2K + 1, ∀λ ∈ ΩK .
Denote by ∂ΩK the positively oriented boundary of ΩK . The complex powers A
z of A for
Re(z) < 0 are defined by the Dunford integral formula
Az =
1
2pii
∫
∂ΩK
(−λ)z(A+ λ)−1dλ,
see, e.g., [1, Theorem III.4.6.5]; in particular, if a ∈ (0, 1) then
A−a =
sin(pia)
pi
∫ ∞
0
s−a(A+ s)−1ds.
The family {Az}Re(z)<0 ∪ {A0 = I} is a strongly continuous holomorphic semigroup on X , see,
e.g., [1, Theorem III.4.6.2 ]. Moreover, each Az , Re(z) < 0, is injection and the complex powers
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for positive real part A−z are defined by A−z = (Az)−1. The imaginary powers Ait, t ∈ R, are
defined by the closure of the operator
D(A) ∋ u 7→ sin(ipit)
ipit
∫ ∞
0
sit(A+ s)−2Auds in X,
see, e.g., [1, (III.4.6.21)]; they can be either bounded or unbounded operators in X .
If there exist δ, C > 0 such that Ait ∈ L(X) and ‖Ait‖L(X) ≤ C when t ∈ [−δ, δ], then
we say that A has bounded imaginary powers. In this situation, Ait ∈ L(X) for all t ∈ R,
{Ait}t∈R forms a strongly continuous group and there exist some φA ≥ 0 and MA ≥ 1 such that
‖Ait‖L(X) ≤MAeφA|t|, t ∈ R, see, e.g., [1, Theorem III.4.7.1] and [1, Corollary III.4.7.2]. Moreover,
the family {Az}Re(z)≤0 is a strongly continuous semigroup on L(X), see, e.g., [1, Theorem III.4.7.1].
For further properties of the complex powers of invertible sectorial operators we refer to [1, Section
III.4.6], [1, Section III.4.7] and [11, Section 2].
A closed densely defined linear operator B in X is called sectorial if
(0,+∞) ⊂ ρ(−B) and s‖(B + s)−1‖L(X) ≤ L, s ∈ (0,+∞),
for certain L ≥ 1. If B is sectorial, then similarly to [1, (III.4.6.2)-(III.4.6.3)] we have that
SL =
{
λ ∈ C | | arg(λ)| ≤ arcsin
( 1
2L
)}
⊂ ρ(−B)
and
|λ|‖(B + λ)−1‖L(E) ≤ 2L− 1, ∀λ ∈ SL.
For each m, k ∈ N\{0} and η ∈ C such that |Re(η)| < m denote
QA(η,m, k) =
1
2pii
∫
∂SL
( k
k − λ −
1
1− kλ
)m
(−λ)η(B + λ)−1dλ,
where ∂SL is the positively oriented boundary of SL. The η-complex power ofB is defined pointwise
as
Bηu = lim
k→∞
QA(η,m, k)u, u ∈ D(Bη),
where
D(Bη) = {u ∈ X | lim
k→∞
QA(η,m, k)u exists in X}.
Bη is a well defined closed linear operator in X independent from m; it is in general unbounded
and satisfies D(Bm) ∩R(Bm) ⊆ D(Bη), where R(·) denotes the range. In particular, D(B0) = X
and B0 = I. Moreover, D(Bγ) = D((B + µ)γ) for each γ, µ > 0, and the norms ‖ · ‖X + ‖Bγ · ‖X ,
‖(B + µ)γ · ‖X are equivalent on D(Bγ), see [8, Lemma 15.22]. For further details on the complex
powers of sectorial operators through the notion of the extended holomorphic functional calculus
we refer to [8, Section 15].
By using the boundedness of the imaginary powers property we obtain the following generaliza-
tion of Theorem 1.
Theorem 2. Let X1, X2 be Banach spaces and A, B be sectorial operators in X1, X2 respectively
that have bounded imaginary powers; i.e. Ait ∈ L(X1) and Bit ∈ L(X2) for each t ∈ R with
‖Ait‖L(X1) ≤MAeφA|t|, ‖Bit‖L(X2) ≤MBeφB|t|, t ∈ R,
for certain MA,MB ≥ 1 and φA, φB ≥ 0. Let T be a bounded linear operator from X1 to X2 such
that T (D(A)) ⊆ D(B) and
‖BTu‖X2 ≤M‖Au‖X1 , u ∈ D(A),
for certain M ≥ 0. Then, for each a ∈ (0, 1) we have that T (D(Aa)) ⊆ D(Ba) and
‖BaTu‖X2 ≤MAMBMae
φ2
A
+φ2
B
4 +2(max{a,1−a})2‖T ‖1−aL(X1,X2)‖Aau‖X1 , u ∈ D(Aa).
3Proof. Follows by [8, Theorem 15.28] and interpolation. More precisely, for each b ∈ [0, 1] denote
byXA,b andXB,b the completion of (D(Ab), ‖Ab ·‖X1) and (D(Bb), ‖Bb ·‖X2) respectively. Consider
the map T˜ : {vk}k∈N 7→ {Tvk}k∈N, where {vk}k∈N is a sequence in X1. If {vk}k∈N is Cauchy in X1
then {Tvk}k∈N is Cauchy in X2 so that T˜ ∈ L(XA,0, XB,0) with ‖T˜‖L(XA,0,XB,0) = ‖T ‖L(X1,X2).
Moreover, if vk ∈ D(A), k ∈ N, and {Avk}k∈N is Cauchy in X1, then Tvk ∈ D(B), k ∈ N, and
{BTvk}k∈N is Cauchy in X2, so that T˜ ∈ L(XA,1, XB,1) and ‖T˜‖L(XA,1,XB,1) ≤M .
Due to [8, Proposition 15.25] each of (XA,0, XA,1), (XB,0, XB,1) is an interpolation couple. If
we denote by [·, ·]a the complex interpolation functor of type a, then by [8, Lemma 15.22] and [8,
Theorem 15.28] we have that XA,a = [XA,0, XA,1]a and
(MAe
φ2
A
4 +(max{a,(1−a)})2)−1‖ · ‖[XA,0,XA,1]a ≤ ‖ · ‖XA,a ≤MAe
φ2
A
4 +(max{a,1−a})2‖ · ‖[XA,0,XA,1]a ,
and similarly for B, where the bounds in the above inequality follow by the estimates in the proof
of [8, Theorem 15.28]. Moreover, by [9, Theorem 2.6], i.e. since [·, ·]a is exact of type a (see, e.g.,
[12, Theorem 1.9.3]), we have that T˜ ∈ L([XA,0, XA,1]a, [XB,0, XB,1]a) and
‖T˜‖L([XA,0,XA,1]a,[XB,0,XB,1]a) ≤ ‖T˜‖1−aL(XA,0,XB,0)‖T˜‖
a
L(XA,1,XB,1).
Hence, T˜ ∈ L(XA,a, XB,a) and
‖T˜ v‖XB,a ≤MAMBMae
φ2A+φ
2
B
4 +2(max{a,1−a})2‖T ‖1−aL(X1,X2)‖v‖XA,a , v ∈ XA,a.
If we let v = {vk}k∈N with vk = u ∈ D(Aa), k ∈ N, then v ∈ XA,a and ‖u‖XA,a = ‖Aau‖X1 .
Moreover, T˜ u = {Tvk}k∈N with Tvk = Tu ∈ X2, k ∈ N, so that T˜ u ∈ XB,0 ∩ XB,a and hence
Tu ∈ D(Ba) due to [8, Proposition 15.26 (d)], which implies that ‖T˜ u‖XB,a = ‖BaTu‖X2. 
If the sectorial operators are invertible, then by following the ideas in the proofs of [11, Theorem
2.3.3] and [13, Theorem 2.31] we give an alternative proof of Theorem 2 as follows.
Theorem 3. Let X1, X2 be Banach spaces and A, B be invertible sectorial operators in X1, X2
respectively that have bounded imaginary powers; i.e. they satisfy
‖Ait‖L(X1) ≤MAeφA|t| and ‖Bit‖L(X2) ≤MBeφB |t|, t ∈ R,
for certain MA,MB ≥ 1 and φA, φB ≥ 0. Let T be a bounded linear operator from X1 to X2 such
that T (D(A)) ⊆ D(B) and
‖BTu‖X2 ≤M‖Au‖X1 , u ∈ D(A),
for certain M ≥ 0. Then, for each a ∈ (0, 1) we have that T (D(Aa)) ⊆ D(Ba) and
‖BaTu‖X2 ≤MAMBMae(φA+φB)
√
a(1−a)‖T ‖1−aL(X1,X2)‖Aau‖X1 , u ∈ D(Aa).
Proof. Denote by X∗2 the dual space of X2 and let v ∈ X∗2 , u ∈ D(A1+a). By [1, Theorem III.4.6.5],
[1, Theorem III.4.7.1] and [1, (III.4.7.3)] the map
z 7→ f(z) = eξz(z−1)v(B−zBTA−1Az−1A1+au)
is analytic in {z ∈ C | 0 < Re(z) < 1} and continuous on {z ∈ C | 0 ≤ Re(z) ≤ 1}, where
ξ = φ
2
√
a(1−a) , φ = φA + φB. Moreover, for each b ∈ [0, 1] and t ∈ R we have that
|f(b+ it)| = eξ(b(b−1)−t2)|v(B−bB−itBTA−1Ab−1AitA1+au)|
≤ MAMBeξb(b−1)eφ|t|−ξt
2‖v‖X∗2 ‖B−b‖L(X2)‖BTA−1‖L(X1,X2)‖Ab−1‖L(X1)‖A1+au‖X1 ,
so that f is bounded on {z ∈ C | 0 ≤ Re(z) ≤ 1} due to [1, Theorem III.4.6.4].
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We estimate
|f(it)| = e−ξt2v(B−itBTA−1AitAau)|
≤ MAMBMeφ|t|−ξt
2‖v‖X∗2 ‖Aau‖X1
≤ eφ
√
a(1−a)
2 MAMBM‖v‖X∗2 ‖Aau‖X1 .
Similarly,
|f(1 + it)| = e−ξt2 |v(B−itTAitAau)|
≤ MAMBeφ|t|−ξt
2‖T ‖L(X1,X2)‖v‖X∗2 ‖Aau‖X1
≤ eφ
√
a(1−a)
2 MAMB‖T ‖L(X1,X2)‖v‖X∗2 ‖Aau‖X1 .
Therefore, by the Hadamard’s three lines theorem (see, e.g., [3, Lemma 1.1.2]) we obtain
|f(1− a)| = e−φ
√
a(1−a)
2 |v(BaTA−aAau)|
≤
(
sup
t∈R
|f(it)|
)a(
sup
t∈R
|f(1 + it)|
)1−a
≤ eφ
√
a(1−a)
2 MAMBM
a‖T ‖1−aL(X1,X2)‖v‖X∗2 ‖A
au‖X1 .
We conclude that
‖BaTA−aw‖X2 ≤ eφ
√
a(1−a)MAMBMa‖T ‖1−aL(X1,X2)‖w‖X1 , w ∈ D(A),
so that by the closedness of Ba, T maps D(Aa) to D(Ba) and the result follows. 
Remark. Concerning the boundedness of the imaginary powers, for examples of operators satisfy-
ing this property we refer, e.g., to [2] for elliptic differential operators with smooth coefficients, to [4]
for elliptic differential operators with nonsmooth coefficients and to [10] for degenerate differential
operators.
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